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JInneiinasi anredpa

§ 1. Onpeneauresin BTOPOro M TpeTbero nopsiakos. CBoicTea
onpeaeJuTeen.

Onpene.ﬂeﬂne 1: OHpGI[GJII/ITGJIGM BTOPOI'O IMOPAAKA HA3bIBACTCA YU CJIO B A

al] a]Z
a, a

=4, a, —a, d,

21 22

Uucna 91> @izs 21> 922 Ha3pIBAIOTCA DJIEMEHTAMU OTIPEICIIUTEIIS.
OnemeHTsl 911> 912 00pa3yloT MEPBYIO CTPOKY ONPENEIUTENS, 921> 922 ~ BTOpYIO
CTPOKY.

OnemeHThl 911> 92100pa3yIOT NEPBBIN cTOIOECI OnpenenuTens; 412> 922 -BTopoil.
DneMeHThl 9122 922 00pa3yloT rIaBHYIO AUAroHalib; 921> 42 ~ moOouHY10.

Onpenenenue 2: OnpeaeanuTesib BTOPOTO MOPSAJIKA PABEH PA3HOCTH MPOU3BEICHUN
3JICMEHTOB, JEKaIlMX Ha TJIaBHOW ¥ MOOOYHOM JUArOHAJIIX.

Hanpumep:

2 -3
=2.(—2)—4-(-3)=—4+12=8

4 —2‘

Omnpenenenue 3: OnpenenureneM TPETHETO NOPAIKA HA3BIBAETCS YUCIIO BUAA

[IpaBuiio Capproca - BBIYMCIEHUS ONPENEIIUTEIS TPETHETO NOPSIAKA -
CXEMAaTUYECKH MOXHO 3aIACaTh CIETYIOIHUM 00pa3oM:

Hanpumep:
1 2 4

—2 1 —3=11-2+4+2-(-3)-3+(-2)(—4)-4—-3-1-4—-1-(—4) - (-3) —(—2)-2-2=0
3 —4 2

§ 2. CBoiicTBa onpeneauTeiei.

CgoiicTBo 1. Bennuuna onpeaenuTenst He HK3MEHUTCS, €CIIU €r0 CTPOKH B CTOJIOIBI
IMIOMEHATH MECTaAMU



Cgoiicto 2. [lepectaHoBKa JIBYyX CTOJOIOB WK ABYX CTPOK ONPEACIUTENS
paBHOCHJIbHA YMHOKEHHIO ero Ha (-1).

CaoiictBo 3. Ecnu onpenenuresib UMEET JBE OJMHAKOBBIE CTPOKHU WIIM JIBA
OJIMHAKOBBIX CTOJ011a, TO OH paBeH 0.

CBoiicTBO 4. YMHOKEHHE BCEX IJIEMEHTOB OAHOI'O CTOJ'I6H8, OIIPCACIINTCIIA Ha
J1000€ YHCIIO0 K PAaBHOCHUIIBHO YMHOXCHHNIO OIIPCACINTCIIA HAa 3TO YUCIIO K.

CaoiictBO 5. Ecnu Bce 3eMeHTBI HEKOTOPOTO CTOJIONA UM HEKOTOPOU CTPOKU
PaBHBI HYJIIO, TO ONPEAEIIUTENDb PABEH HYJIIO.

CaoiicTBO 6. Ecnu onpenenurens UMeEeT JB€ IPONOPLMOHAIBHBIE CTPOKU WIIH J1BA
IIPONOPLMOHAIIBHBIX CTOJI0LA, TO OH paseH 0.

Omnpenenenue 1. MUHOPOM 3JIEMEHTA ONIPEACIIUTEIS TPETHETO MOPSIAKA
HA3bIBAETCS ONPEACIUTEIL BTOPOTO MOPSJIKA, MOTYYEHHBIN U3 JAHHOTO
OINPEIEHUTENS BHIYEPKUBAHUEM CTPOKHU U CTOJIOA HA MEPECEUYEHNUN KOTOPBIX
CTOUT DJIEMEHT.

Hanpumep:

a22 a23 all 013
M, = , M.,

a.’-}Z a%% aZl aZ3

Onpenenenue 2. AnreOpandyecKuM JIOMOJTHEHUEM dJIEMEHTA ONPeIeTUTeNs
TPETHETr0 MOPSIAKA HA3bIBAETCSI MUHOP ATOTO 2JIEMEHTA, B3AThIN CO 3HAaKOM "+,
€CJIM CyMMa MHJIEKCOB 3JIEMEHTA YE€THAsl, U CO 3HAKOM "-", €CJIM HeUeTHasl.
HaHpI/IMep: Ayn =M, , Ay =—M,

CaoiicTBo 7. Onpenenurelib TPEThEro MOpsiIKa paBEeH CYMME ITPOU3BEICHUI

AJIIEMEHTOB KaKOW-T100 CTPOKH WITM CTOJIOIA HA COOTBETCTBYIONINE UM
anreOpanyecKue JOTMOJTHEHHUS.

a, 4a,, dj
21 Qo Ay =04y 'Au +a; - A12 +a;- A13

a31 a32 033

HpeI[CTaBJ'IeHI/Ie OIIPCACINUTCIIA B TAKOM BHJC HA3bIBACTCS PA3JIOKCHUCM
OIMpCACIUTCIIA.



AHAJIOTUYHO MOYKHO Pa3JI0KHTh OMPEIEIUTENb M0 AIEMEHTaM JH00i Ipyroit
CTPOKH WJIM CTOJIOLA.

Hamnpumep:
1 2 4
1 -3 -2 -3 -2 1
-2 1 -3=1 —-2- +4 =1-(2-12)—2-(-4+9)+4-(8—3) =
3 A -4 2 3 -4

=-10-10+20=0
3aganus VI NPAaKTHYECKO padoThl.

Hcnonb3ys onpeneneHys 1 CBOMCTBA ONPEACIIUTENEH, BBIUUCIUTD ONPEAEIUTENN
TPETHETO MOPSAIKA.

1 1 — 2 0 5 1 2 2
1 -1 1 1 3 16 4 5 6
1.1, =1 1 Ti1210 —1 10[1 317 8 9
3 4 —5 1 1 a 1 2 —1
8 7 —2 1 1 a* 3 0 2
14.12 -1 8|15 a’> a 1 1614 —2 5

§ 3. Pemienue cucreM JIMHEHHbIX YPaBHEHUI
[TycTh 3a1aHa cucTEMA TPEX JIMHEHUHBIX YPABHEHHH C TPEMSI HEU3BECTHBIMHU

a,-x+a,-y+a,-z=h
(y X+0y-Y+ay-2=h,

a3l'x+a32'y+aa3'2:h3 (1)

Omnpenenenue 1. Onpenenutens A, COCTaBICHHBIN U3 KOADOUIIMEHTOB MTPU
HEH3BECTHBIX CUCTEMAaX, Ha3bIBACTCS TJIABHBIM OMPEICITUTEIIEM CHCTEMBI.

all al2 alS

A=la, a, ay

Omnpenenenue 2. Onpenenurenu Ax, Ay, Az, NOJIy4eHHbIE U3 ONIPEAETUTENS A
3aMEHOI COOTBETCTBEHHO IEPBOT0, BTOPOT'O U TPETHEr0 CTOJIOLOB - CTOIOLIOM
CBOOO/IHBIX WICHOB HAa3bIBAIOTCS] BCIOMOIaTEIbHBIMU ONPEACIUTEISIMHA CUCTEMBI.

h, a, aj; a, h a; a, a, h

a,, ay,|, Ay=|a,, h, ay|,Az=l|a, a, h,|



Omnpenenenue 3. CoBOKYITHOCTb uncel (a, B, C) HA3bIBAETCS PEIIEHUEM CUCTEMBI,
€CIIM KaXI0€ ypaBHEHUE CHCTEMbI 00paIaeTcs B TOKIECTBO MOCIIE TIOJICTAHOBKH B
HEro YHUCel a, B, C BMECTO COOTBETCTBYIOIIUX X, V,Z.

Omnpenesenue 4. CucteMbl, IMEIOLIUE PEIICHNS Ha3bIBAIOTCS COBMECTHBIMU; HE
UMEIOIIME PelIeHNE HAa3bIBAIOTCSI HECOBMECTHBIMU.

IHpasuiao Kpamepa.

Eciu rnaBubIi onpeaenurens cucteMbl A # 0 1o cucrema (1) nmeer
€IMHCTBEHHOE pEelIeHUE, KOTOPOe omnpenensercsa popmynaMu:

Ecmu A=0u Ax=0, Ay=0, Az=0, To cucTtemMa nuMeeT O€CUNCICHHOE MHOXKECTBO
pELIECHUN.

Ecau A=0, a tu6o Ax#0, mu6o Ay#0, mu6o Az#0, To cucTeMa pelieHuil He UMEeT.
Hanpumep: Pemuts cucremy no npasmiry Kpamepa

3x+2y+3z=15

2x—y+z=6
xX+5y=-3
3 2
2=k
A=[2 -1 1|=3 -5 =-2
—1 2
1 5
5 2 1
Ax=6 —1 1|/=-—4
—3 5 0]
3 5 1 Ax —4
X:—:—:Z
1 -3 0 Ay 2
3 2 5 A -2
Az=|2 -1 6|=-2 Az -2
1 5 =3 TA -2

Pemrenue cucremsl (2, -1,1)
3anaHud I NIPAKTHYECKO# padoThbI.

Crnenytolge CUCTEMBI pelIUTh Mo npasmity Kpamepa

7x+2y+3z=15 x+y—2z=6
5x—3y+2z=15 2x+3y—7z=16
1.7 10x—1ly+52=3618 S5x+2y+z=16



x+2y+z=4 x+y+z=36
5x—-5y+3z=1 2x—3z =-17
1.9. 2x+7y—z=8 1.10. 6x—5z=7

2x—y+z=-2
x+2y+3z=-1
1.11. x—3y—-2z=3

BekTopHas anreopa.
§ 1. Bexkropsl. JInHelHbIE ONlepalMH HAJl BEKTOPAMM.

Omnpenenenue 1. Otpe3ok [AB] Ha3pIBaeTcsl HapaBIECHHBIM, €CIIM YKa3aHO, KaKas
13 KOHEYHBIX TOYEK SIBJISIETCA HAYaJIOM, KaKasi KOHI[OM.

Omnpenesienue 2. BeKTopoM Ha3bIBaeTCsl HaNpaBiIeHHbIA 0Tpe30K. OO03HavaeTcs
BekTOp AB- . @

Omnpenenenue 3. /nHa BEKTOpa HA3bIBAETCSI MOAYJIEM BEKTOPA.
OGosuauaercs |22

I

. Jal. |=]

Omnpenenenue 4. BekTop Ha3bIBAETCA EAUHUYHBIM, €CIIM €T0 MOJYJIb PaBeH 1.

Onpenesenue 5. BekTopsl @ 1 € Ha3bIBAIOTCA KOJUIMHEAPHBIMU, €CITM OHU JICKAT
a1M00 Ha OJTHOM MPSIMOiA, TMO0 HA MapAJIIEIbHBIX NPSIMBIX.

Omnpenenenue 6. /[Ba BekTopa Ha3bIBAIOTCS PABHBIMU, €CJIM OHH COHAMPABIEHHO
KOJUIMHEAPHBI M UMEIOT OJIMHAKOBBIE MOAYJIU.

Onpenenenue 7. Bektopa Ha3bIBalOTCS KOMILUIAHAPHBIMU, €CJIM OHU JIEXKAT B
OJIHOM ITIOCKOCTH WJIY B MAPAJJIEIbHBIX MIIOCKOCTSIX.

CJj10:;keHHe BEKTOPOB

Onpenenenne: CyMMoii @ + 6 IByX BEKTOPOB @ U € HA3bIBAETCS BEKTOD, UAYLINI
13 HavaJia BEKTOpa @ B KOHEIl BEKTOpa € , IPH YCIOBUH, UTO BEKTOP € MPUIIOKEH K
KOHITY BEKTOpa @ .

CBoiicTBa CJI0KEHUA:
1 a+e=e6+a
2 (E+§)+E:E+(§+E)

3. CymecTByeT BeKTop O , Takoii, utoa +0 =a



4. Jlnst mro60ro BEKTOpa <@, CYMIECTBYET @', TAKOM 4To @ + @' =0
3ameuanue: J{st TOro, 4TOOBI CIOXKUTH I BEKTOPOB HYKHO HAYaJIO Ka)I0Tro

HOCJIEAYIOLIETO BEKTOPa NOMECTUTh B KOHEL] MPEABIAYIIETO U BEKTOP, UAYIIUHN U3
Hayajia [IepBOro BEKTOPa B KOHEL] IOCJIEIHErO OYAET BEKTOPOM CYMMOM.

Pa3HocTh BeKTOpPOB

J51s Toro, YTOOBI HAWTH PA3HOCTH BEKTOPOB 9 U € HY)KHO Havajia BEKTOPOB
IIOMECTHUTD B OJTHY TOYKY U BEKTOP, UAYIIHMIA U3 KOHIIA BEKTOpA BHIYMTAEMOTO ( )
B KOHEIL YMEHBIIIAEMOT0 € , €CTh BEKTOP Pa3HOCTb.

YMHOKeHHEe BEKTOPa HA YHCJI0

Onpenenenue: [IpouzBeneHreEM BEKTOpa <@ HA IEUCTBUTEIBLHOE
YHUCJIOA HAa3bIBACTCS BEKTOP € =A@ , yJIOBIETBOPSIONIUIN CIEIYIONTUM YCIOBHUSIM:

1) =l =1l [al
2) e xoJTMHeapeH <@ , eciaul >0 coHanpaBIieH
ecan A<0 IIPOTHUBOIIOJJIOXHO HaIIpaBJICH

§2. J/InuneiiHas 3aBMCHUMOCTb BeKTOpOB. ba3uc.

Onpenenenue 1. JIuneiitHoi koMOUHaIMEH BEKTOPOB 91> 92-----In HA3BIBACTCS
CyMMa MPOU3BEAEHUN 3TUX BEKTOPOB Ha MPOU3BOJIbHBIE ICHCTBUTEIIbHbBIC

gucna 91> 929 T e. BBIpaXKCHUE BUIA

Omnpenenenue 2. Bekropsr 1> “2----"9» Ha3pIBaIOTCS JUHEWHO 3aBUCHUMBIMH, €CIIH

CYILIECTBYIOT JE€UCTBUTEIbHBIE yucaa <192 9= He Bce OJHOBPEMEHHO paBHbIE 0,
YTO JTUHEHHAss KOMOWHAIIMS dTUX BEKTOPOB C YKa3aHHBIMH YKCIaMU oOpariaeTcs B

0.

-a, +....+a, -EZO

Onpeneaenue 3. Bektopsr 9> 92 9 Ha3pIBAIOTCS JUHEHHO HE3aBUCUMBIMH, €CITH
PaBEHCTBO HYJIIO UX JIMHEHHON KOMOUHAIIMU BO3MOKHO JIMIIb B ClTydae, KOT/1a BCe

gucaa > 929 paBHsl 0.

3amMeyanue:



HeobxoaumbIM 1 JOCTaTOYHBIM YCIIOBHEM JIMHEWHOW 3aBUCIMOCTH JIBYX BEKTOPOB
SBJISIETCS UX KOJUTMHEAPHOCTD; TPEX - KOMILJIaHAPHOCTh. JIt0ObIe YeThIpe BEKTOpa
JIMHEWHO 3aBUCHUMBEI.

Omnpenesienue 4. ba3rcoM BEKTOPHOIO MTPOCTPAHCTBA HA3bIBAECTCS YIOPSIIOUEHHAS
CUCTEMa BEKTOPOB, yIOBJIETBOPSIOLIAs CIEAYIOIIUM YCIOBHSIM:

1) cucrema nuHEHHO HE3aBHUCUMA
2) m000i1 BEKTOP SIBJISIETCS JINHEWHONW KOMOMHAMEN JaHHOW CUCTEMBI BEKTOPOB.

PaccmoTpum 6a3uc, B KOTOpOM 0a3UCHBIE BEKTOpPA €IUHUYHbBIC U B3AUMHO
NePHEeHANKYIIApHbIE (OPTOrOHANIBHBIE). DTH BEKTOpA MPUHATO 0003HayaTh > J- K

bazuc (- /- k) Ha3pIBaeTCS MPSIMOYTOJIBHBIM JIEKAPTOBBIM.

Jloka3bpIBaeTcs, UTO JIFOOOI BEKTOP @ MOXKET OBITh €IMHCTBEHHBIM 00pa3oM
MIPEJICTABJICH B BUJIC

a=x-i+y-j+z-k_

HPGIICTaBHeHHe BCKTOpPAa B BUAC JINHEHHOU KOM6I/IHaI_II/II/I 0a3UCHBIX BCKTOPOB
Ha3bIBACTCA PA3JI0KCHHUCM BCKTOPA 110 633HCY.

KoadduiueHTs! X, y, Z B TAKOM Pa3JI0KEHUH HA3bIBAIOTCS KOOPAMHATAMHM
BekTopa. O6o3HayaroTcs @ = (X5, 2)

CBoiicTBa KOOpAMHAT BEKTOpa

1. Jnst Toro yToOBI HAWTH KOOPJUHATHI BEKTOPA, €CIIM U3BECTHBI KOOPIUHATHI €T0
Hayajia ¥ KOHIIA, HY’KHO U3 KOOPJUHAT KOHEYHON TOYKH BBIYECTh KOOPIMHATHI
HavyaJIbHOW TOYKH.

AB=(Xg —X,,¥p —YarZp —2,)

2. Koopaunaatsl cyMMbI (pa3HOCTH) BEKTOPOB PaBHBI CyMMe (Pa3HOCTH)
COOTBETCTBYIOIIMX KOOPJMHAT ClIaraeMbIX BEKTOPOB.

3. IIpu yMHOXEHUHU BEKTOpa HAa YHUCIIO KaXAasi €ro KOOpAUHATa YMHOXKAETCS Ha
3TO YHCIIO.

§3 CkansipHoe nmpousBeJeHUE BEKTOPOB

Onpenenenne. CKaIspHBIM MPOU3BENACHIEM JBYX BEKTOPOB < 1 b Has3pIBaeTCs
YHCJIO PABHOE IPOU3BEJACHHUIO JIJIMH 3TUX BEKTOPOB HA KOCUHYC YIJla MEK1Yy HUMU.

c—a-b=|a|-|p|-cosp



CBoiicTBa CKAJISIPHOTO NPOU3BEICHMS:
1. a-b=b-a
2 (a-a)-b=a-(a-b)
3 (a+b)-c=a-c+b-c
Heo6Xxo1uMBIM M I0OCTaTOYHBIM YCIIOBHEM NEPIEHIUKYIIPHOCTH
(OPTOTOHAJIBHOCTH) JIBYX BEKTOPOB SIBJISICTCS PABEHCTBO HYJIIO UX CKAISIPHOTO
IIPOU3BEACHYS.

CkajisipHoe npousBejieHre BEKTOPOB B KOOPAUHATHOM popme

TeopeMa. Ecau nBa BCKTOpa a )51 b 3aJaHbl CBOMMH

koopauHaTamMu @ = (X1, Y1, 2) yb = (X2, ¥2.2,) 10 cxanspHOE IPOU3BEIECHHUE ITUX
BEKTOPOB PaBHO CyMME€ NPOM3BEIEHUH COOTBETCTBYIOMINX KOOPIUHAT.

JlokazaTennCTBO:
HyCTB E:X] I_‘_.yl -}+Z1 'EB=X2 i+y2 .}4‘22 E

E-E=(x1-;+yl-}+z] ok_)-(xz-E-&-yz-}+22-E)=xl‘xz-;-f+xlAyz-;‘;+xlizz~f-ﬁ+...

¥, Yy jojtetz 2,k k=x x4y, -y, +2,-2, 3I[CCI:
i-i=1
Jji=1
k-k=1

CKaJISIpHbIE MPOU3BEICHUS
OcTanbHbIe CKANSAPHBIE TPOU3BENEHNS 0OPAMIAIOTCA B HYIb, T.K. i L7 Lk
CnencrBus:

1. Mogyib Bektopa @ = (%% 2) onpeensiercs o Gpopmyiie

|a‘ =x*+y*+z*

2. Yron mexmy Bektopamu 4 = (X1, Y15 2) g = (X2, 52, 2:) onipeensercs no
XX, +y1y2 + Z,Z,

2 2 2 2 2 2
'Jxl Yt '\/Xz Yy, t+iz,

cosQ =
dbopmye:

§4 BexTopHoe npou3BeieHHEe BEKTOPOB

Onpenesienne. BeKTOpHBIM NPOU3BEIEHUEM BEKTOpA @ HA BEKTOp b Ha3bIBaeTCs
BEKTOP € , YIOBIETBOPSIOMINI TPEM YCIOBHSIM:



1) ‘E| = |E| . |B| -sin(a - b)
2) BEKTOp € OPTOTrOHAJIEH BEKTOpaM a 1 b

3) ecau CMOTPETh U3 KOHLA €, TO KpaT4yallIni HOBOPOT OT @ K & oCyIIeCTBISIETCS
IIPOTHUB XO/a YaCOBOU CTPEJIKH.

O6o3Hauaercs @ X b | 60 [a, B].

CBoiicTBa BEKTOPHOI'O INIPOMU3BECACHUSA

4. Mofyih BEKTOPHOTO Mpon3BeneHns 1@ ¢l paBen miomany mapasiesorpaMma,
IOCTPOECHHOTO Ha MIPUBEACHHBIX K 0011IeMy Hayaly BEKTOpax @ U € .

5. H€O6XOIII/IMI>IM N JOCTATOYHBIM YCIIOBHUCM KOJIIMHCAPHOCTH BCKTOPOB ABJIACTCA
PaBC€HCTBO HYJIIO KX BEKTOPHOI'O ITPOU3BCACHUSI.

BexkTopHoOe npousBegeHue B KOOPAUHATHOU popme

Teopema. Eciu 1Ba BexkTopa @ ub onpeieneHsl CBOUMU
KOOp)Z[I/IHaTaMI/Ia = (X1, ¥1:2,):b=(x;,,¥,,2,), ,
109 b=(y2, - y,2,,2,%, —2,%,, Xy, = X, ¥,) , WIN
I 7 R
a-b= X Y 4

Xy Yo Zp

m~"

Crnencraue: Eciu Ba Bexktopa 9 = (Xi: Y1, 20) yb = (X2,¥2, %) konnmueapHsl, To ux
M_N_4

KOOPAMHATHI IPONOPLMOHAIBHEL, T.€. X2 Y2 22

§5 CMemanHoe npou3sBe/ieHNE BEKTOPOB

Omnpenenenue. [Iycts nansl Tpu BekTopa @, b, ¢ . Ecnu @ BEKTOPHO YMHOXHUTD
Hab | a 3aTeM IONMY4YMBIIMICSA BEKTOP YMHOKUTH CKAJIIPHO HA € , TO B PE3YJIbTATE
IIOJIYYUTCS YUCIIO @%b - ¢ HazpIBaeMO€e CMEIIaHHBIM IIPOU3BEICHUEM.

CMeliaHHoe NPpoOU3Be/ieHHe B KOOPAMHATHOI (opme



Teopema. Bciu @ = (x> 21, 21) b =(X.y5,25), €= (X35 ¥5: Z3): g

axb-c=|x,

Yo 4
Y2 Z3
Y3 Z3

CJ'IGI[CTBI/IC. HCO6XOI[I/IMI>IM U JOCTATOYHBIM YCJIIOBUCM KOMIINIAHAPHOCTHU BCKTOPOB
ABJIACTCA PAaBCHCTBO HYJIIO UX CMCITAHHOI'O IIPOU3BCACHUA.

IIpumepsl penieHus 3a1a4

BrIpa3ute yepes3 P u 9 BeKToppl &> PE. EF, FA, AC, AD, AE

Pemenue: HCITIOJIB3YCMCA OIIPCACIICHUCM CYMMBI U Pa3HOCTHU BCKTOPOB.

1.CD = BO

BO=AO—-AB=BC—-AB=g—p

5 AC=AB+BC=p+q

6. AE=AF+FE=q—p+q=2q—p

[Tpumep 2. 3aganbl BEKTOpbl @ = 2i +3J,b==3j -2k, c =i+ j—k,

HaiiTu: a) koopiuHATHI BEKTOpA

a-L1b+c

0) pasnokeHHe BeKTopa a+b—2cmo 6asucy (s J-K)

B) MOJLyJIb BEKTOpa a—b+c

Penienue:

a) Bocrionb3zyeMcs cBOMCTBaMU KOOPAMHAT BEKTOPA U ONPEAEICHUEM KOOPIUHAT

BEKTOpA.

Nmeem @ = (2,3,0),b = (0,—3,—2),c = (1,1,—1), Torzma

- 1. - 1 1 1 11
a—=b+c=(2-=-0+13—=-(-3)+L0—=-(-2)—1=(3,—,0
5 ( 5 5 (—3) 5 (=2) ( 5 )



6) a+b—2c=(2i+3j)+(-3j—2k)—2(i+ j—k)y=—2]

B) Haiinem cHavana KoopJiMHATHI BEKTOpa @ —b+c

a—-b+c=(3,71)

|E—E+E| =+/32+72 +12 =/59
3amanus 1151 NPAKTHYECKOH padoThI

2.1. JlaHbl ABA BEeKTOpa a=(3-26)yb=(-210) OnpenenuTs MPOSKITUN Ha
1 —
_ _ _ _ —=b
KOOPJMHATHBIC OCH CICAYIOIIUX BEKTOPOB: 1)a+b 2)a—b 3)2a 4) 2 |

1_ —
5) 2a+3b 6)_50_

2.2. Onpenenutp, MpU KaKux
sHavenusax & u/# pexropp1@ = —2i+3J + fkyb = i~ 6] + 2K KoTHHEAPHBL.

2.3 OnpeneuTh MOAYJIH CYMMBI U Pa3HOCTH BEKTOpOB 9 = (3.:—5.8).b = (—1.1,.—4)

2.4 Ha ocu abcudcc HaWTH TOUKy M, pacctosHue KoTopo oT Touku A(3,-3) paBHO
5

2.5 BeruncnuB BHyTpeHHHE yriibl Tpeyroibauka A(1,2,1), B(3,-1,7),C(7,4,-2)
yOeIUTHCSI, YTO ITOT TPEYTOIHLHUK PAaBHOOEIPEHHBIM.

2.6 Jloxazatb, uto uetbipe Touku A(1,2,-1), B(0,1,5), C(-1,2,1), A(2,1,3) nexar B
OJIHOM TIJIOCKOCTH.

AHajMTH4YeCKasi reOMeTpus
InockocTs. [IpsiMasi HA NJIOCKOCTH U B IPOCTPAHCTBE
§1 [Ipsimast HA MJIOCKOCTH.

1. YpaBHeHue npsMoi, MpOXOIAIEH Yepe3 3aJaHHYI0 TOUKY NEPIEHIUKYIISIPHO
3aIaHHOMY BEKTOPY.

My (Xo,yo)E L n =(A,B) 1L ﬁ

Bri6epeM TeKymlyto Touky M (X, y) u Haiinem koopaunater MoM

MM =(x—X,,¥—Y,)

Tx. MM Ln, oMM -n=0,



a Torga A(x- Xo)+B(y- yo)=0 uckoMoe ypaBHEHHE.

2. O0uiee ypaBHEHHE MPSMON UMEET BUJT

Ax+By+c=0, rne 7 =(A,B)L L

3.YpaBHeHHE MPSMOH C 3aJJaHHBIM YTJIOBBIM KOA()(PUITMEHTOM U TOUKOM.
Onpenesienue. TaHTEHC yIJIa HAKJIOHA MIPSIMOM K TIOJIOXKUTEIILHOMY

HarpasieHuto oc OX Ha3bIBAECTCS YIIIOBBIM KOA(G(DUIIMEHTOM MPSMOIA.

I[Tycth Touka Mo (Xo:Yo) € L K - yryioBoii ko3¢ duIment.
VpaBHEHHUS UMEIOT BUI: Y- Yo=K(X- Xo)

Y= KX + B

4. B3aMMHOE PacIoJI0KEHHE MPIMBIX.

Yron mexnay npsameivu L1 u L

A1A2+B1B2
\/Af + B} -JAj+Bf e n,=(A,B)LL,

cosQ =

n_zz(Az’Bg)LLz

[psmas Ly|| L, ecnu
HpHMaH L1l Ly, ecnun A1A,+B1B,=0
§2 IaockocTh

1. YpaBHEHHE IIIIOCKOCTH, MTPOXOASIIECH Yepe3 3aJaHHYI0 TOUKY,
HEePIEHIMKYIISIPHO 3aaHHOMY BEKTOpY Mo(Xo,Y0,20)€ P, 7 =(A,B,C) LP

BosbMeM TekyIyro Touky M(X, y, z)€ P u o6pasyem M oM =(x-x¢,y-yo,z-
ZO) MDM L ; R TOMDM E :O

A(x-X0)+B(y-y0)+C(z-20)=0- nckomoe ypaBHEHHE.

2. O011ee ypaBHEHUE TIIIOCKOCTH UMEET BUJT



Ax+By+Cz+]1=0, rne 7 =(A,B,C)LP

3.YPaBHeHI/Ie IIJIOCKOCTH «B OTPE3KAX»

Ax By Cz

=2 =
O6uiee ypasuenue Ax+By+Cz+/1=0 npusenem k Bugy 4 ~ A4 —A pu

-4 :a,_'ﬂ :b,_’ﬂ =c
00o03HaunM A B C
X_Y_2_4
YpaBHeHHE IpUMET BU @ b ¢ rhe a, B, ¢ - BEJIMYUHBI OTPE3KOB, KOTOPBIC

MJIOCKOCTh OTCEKAET OT OCEU KOOPAUHAT, (JI0Ka3aTh CAMOCTOSITEILHO! ).
§3 [Ipsimasi B IpOCTPaHCTBE

1. Kanonnueckue ypaBuenus rpsimoit (L)

a) Mo (Xo,Yo,Zo) €Lwu a=(i, m, n) || L

Bo3bmeM Tekyryto Touky M(X,y,z)

1 06pazyeM Bektop MoM || g MoM =(x-x4,y-Yo,2-20).

I/ICHOHB?)y}I YCIOBHC KOJUIMHCAPHOCTH BCKTOPOB, IIOJIYYaCM YPABHCHHUC HpHMOﬁ

X=Xy Y=Yy 2%

i m n
B) ITycthb Touku Mi(X1,Y1,21) 1 Ma(X2,y2, Z2) € L

Bo3bMeM Tekyiyro Touky M(x,y,z) 1 oopazyem Bekropa MM =(X-X1,y-Y1,2-21)
u MM =(Xo-X1,Y2-Y2,22-21)

Oueupno MM | M, M,
Toraa ypaBHeHUE NPAMOUN ITPUMET BHU]L

X=X, Y-y, _I—I
X, =X Vo= W Z, =2,

2. O011ee ypaBHEHHUE TIPSMOM B MPOCTPAHCTBE 3a71a€TCS KaK JIMHUS TIepeceyeHuUs
JIBYX TJIOCKOCTEN U UMEET BUJ

Ax+By+Cz+D, =0
Ax+B,y+C,z+D, =0



3. B3aumHoe pacnosioxkeHue NPAMbIX H MJI0CKOCTEl B MPOCTPAHCTBeE.

VYron MCKOY ABYMS IIPAMBIMHA B IIPOCTPAHCTBEC OIIPCACIISACTCA 110

i, +mm,+nn
cos & = 172 17772 172

dbopmyie

.2 2 2 2 2,2
\/ll +m; +n '\/12 +m, +n,

rage 4 = M) || npsmoiiLy,
q> = (12m2n2) || HpﬂMOﬁ L2;
Yron Mexay npsMou U IIJIOCKOCTBIO ONPEAEISETCS 10

. Ai+ Bm+Cn
cbopMyJIe JA* +B* +C* Ai*+m* +n’

rae n =(A,B,C) LP
g= (i,m,n) L,
VYcnoBue napamieabHOCTH OpsIMOi U TiockocTd Ai+Bm+Cn=0

A_B_
i m

3|0

VY cnoBue neprneHaAuKyJIIpHOCTH MPSAMOM U TIIIOCKOCTH
IIpumeps! pemienus 3axa4.

1. Harmucatp ypaBHEHHE IPSIMOM U MPUBECTHU €r0 B 0OIIEMY BUIY, €CITU TIpsiMast
3a/1aHa:

a)Mo(-1,2), 7 =(2,2)

6)Mo(-1,2), @ =(3,-1)

B) M1(1,2), M2(3,4),

Pemenue

a) YpaBHEHHUE UCKOMOM NIPSIMOM UMEET BUJ]
A(x-X0)tB(y-y0)=0

[ToncraBnss 3HaueHus A, B, Xo, yoB YpaBHEHUE MOTyUUM:
2(x+1)+2(y-2)=0 numm 2x+2y-2=0

x+y-1=0



0) YpaBHeHUE UMEET BU/T

X=Xy Y=Y
i m

[ToacTaBuM B ypaBHEHUS 3HaY€HUS 1,m,Xo Yo

x+1_y-2
3 -1 | otkyna -x-1-3y+6=0
x+y-5=0

B)YpaBHEHUE UMEET BU/T

X=X _ Y=Y

X, =X Yo =W

[Tocne moacTaHOBKH X1,X2,Y1,Y2lIOTydUM
x=1_
3-1
(x-1)2-2(y-2)=0
X-y+2=0

2. Yepes Touku Mi(-1,2) u M2(2,3) npoBenena npsimasi. OnpeaesinTh TOUKH
MEPECCUCHUS ITOU MPSIMOU C OCAMU KOOPJWHAT.

Pemenne: Hanniem ypaBHeHHE PSAMOM, TPOXOAAIIEN yepe3 TOUKA Min M,

X=X _Y—Xh
X, =X Yo= )
x+1 y-2

241 3-2 x+1-3(y-2)=0,

x-3y+7 =0 (L)

Touka nepeceuenust npsimoil (L) ¢ ocero ox umeet opaunatry y=0. [loacrasnsisa y=0
B ypaBHeHHe npsMoiL, momyuum x=-7. A (-7,0)

Touka nepeceuenus npsimoit I ¢ ocbto oy umeer adcruccy x=0. [loncrapnsas x=0 B

7 7
yY==: B(O! 7)
ypaBHeHue (1) nomyuum 3 3



3. CocTaBUTh YpaBHEHUE IJIOCKOCTH, KOTOpast MPOXOIUT uepe3 Touky Mi(3,-2,-7)
napauieabHO MI0CKOCTH 2x-3Z+5=0

Pemenue. 13 ypaBHeHus 2x-3z+5=0 BoImUIIEM KOOPAUHATHI BEKTOPA,
HEePICHIUKYIIIPHOTO JJAHHOMU TTocKocTh. Bekrop ™ = (2,0,—3)

Tak kak JaHHas ¥ KICKOMas IUIOCKOCTHU MapaiieabHbl, To 7 = (2.0.=3) Gyner
HEPIIEHIUKYIIIPEH HCKOMOM TJIOCKOCTH.

VYpaBHEHNE UCKOMOM IJIOCKOCTH 3aIUIIEM B BUJIE

A(X-x0)+B(y-yo)+ C(z-20)=0

2(x-3)+0(y+2)-3(z+2)=0

2x-3z-27=0

4.HaiiTi TOYKH repecevyeHus IIOCKOCTU ¢ 2X-3y-4Z-24=0 ocamMu KOOpAUHAT.

Pemenne: Touka nepeceueHus miockocTH ¢ ocbio 0x umeer y=0 u z=0.
[TojxcraBiss 3TH 3HAYCHUS B YpaBHEHHUE IUIOCKOCTH ToiyuuM x=12. A (12, 0,0)

Touka nepecedeHunst IIOCKOCTH C OCbI0 0y uMmeeT X=0, z=0. 13 ypaBHeHUs
wiockoctu nonyuuM y=-8. B(0,-8,0)

Touka nepeceuenust WIOCKocTH ¢ ocbto 0zumeet x=0, y=0. 13 ypaBHeHUs
wiockocTH nonyunmz=-6 C (0,0,-6)

5. CocTaBUTh YpaBHEHUE MPSAMOM, TPOXOIALIEN YEPE3:
a) Toukn M;(1,-2,1) m M2(3,1,-1)

B) Touky Mi(1 ,-1 ,-3) mapaniensHo npsMoit

x+1 y—-2 z+1
-2 3 2

Pemenne
a) YpaBHEHHE NPSMON UMEET BU/T

X=Xy Y=Yy _Z—Z

i m n

HOI[CTaBI/IM B YPAaBHCHHUC NCXOIHBIC TAHHBIC

x+1 y+2 z-1
3 1 -1




B) Haiinem BekTop 9 mapaiienbHblil JaHHOU TpsMoi: 9 = (—2,3.2)

T. k. maHHas ¥ KCKOMas MpsIMast apajuIeIbHbI, TO HAPABJISIOIINE BEKTOPHI Y HUX
OJIMHAKOBLL, T, €. 9 = (—2.3.2)

Torna ypaBHeHHE IPSIMOI HCKOMOM OyeT:

x-1 y+1 z+3
-2 3 2

6. CocTaBUTh ypaBHEHHUE MPSIMOM, KOTOpasi MPOXOIUT Yepe3 Touky Mo(-2,1,3)
NEePHEHAUKYIIIPHO TIOCKOCTH 2X -y-Z-3= 0

Pewenue.
VYpaBHeHue npsMoi OyJieM UCKaTh B BUJIE

X=Xy Y=Yy _Z—Z

i m n

[TockoJbKy npsiMasi EPICHANKYIISIPHA TUIOCKOCTH, €€ HAITPaBIISIOIINI BEKTOP
MEPIEHIUKYJIAPEH IUNIOCKOCTH, a 3HAYUT €r0 KOOPAUHATHI MOKHO B34Th U3
YpaBHEHHUS TIJIOCKOCTH

g=n=(2,—-1,—1
Tornma ypaBHEHHE UCKOMOU MPSMOU MMPUMET BUL:

x+2 y-1 z-3
2 -1 -1

x-3_y+2 'z x+2 y-3_z+5
7. HaifTu ocTpbIii yron Meskay mpsampivt 1 —1 0 V2 1 1 V2

Pemenune: Hanpagiisironue BEKTOpa NpsiMbIX UMEIOT
koopauHatel 4 = (L—1L V2) q=0@1V2)

Haiinem xocuHyc yria

Li,+mm,+nn
cosq = 172 17772 1772

:2 2 2 [z 2,2
\/11 +mp+n 'le +m; +n;

114+ (-1 1+2 -2
JIEZ (D2 +(V2)? 12 +17 + (V2)?

cosa =




3ajanus QIS NPAKTHYECKOM PadoThI
3.1. 3amana npsmast -2x+y-1 u Touka M(-1,2).

a) Hanucars ypaBHeHue npsiMoit L', mpoxoasiieit uepe3 Touky M
NEPIIEHIUKYJIPHO 3aJaHHON MPSIMOH.

0) Hanmucate ypaBHeHHe nipsimoit L", mpoxoasiieit uepe3 Touky M napajuiebHO
3aIaHHOM IPSIMOH,

3.2. BBISICHUTB B3aUMHOE PACIOI0KEHNUE TPSIMBIX:
a) -2x+y-1=0 u 2y+1=0
0) xt+y-1=0 u 2x-2y+1 =0

3.3 HanmcaTpk ypaBHEHHUE ILUIOCKOCTH, MPOXOIAIIEH yepe3 TOUK M1 My,
HEePIEHANKYIJIAPHO 3aaHHOM tiockocTH, eciinMi(1,2,0), M2(2,1,1), ypaBHeHuUEe
IockocTH -Xx+y-1=0.

3.4. HammucaTh ypaBHEHHE IDIOCKOCTH Tpoxosiiel yepe3 Touku M;(1,2,0),
M2(2,1,1) 151 M3(3,0,1).

3.5. Berancnuth 00beM MUPaMUIbI, OTPAHUYECHHOM TIOCKOCThIO 2X-3Y+6Z-12=0 u
KOOPJAMHATHBIMU TIJIOCKOCTSMH.

x—1_ y z+1

3.6.3amananpsmas 2 1 0 yTouka M (0,1,2) He mpuHaAIIekKAIIAS TIPSIMOMA.
Hanucars ypaBHEHUE TIIIOCKOCTH, TPOXOASIIEH Yyepe3 TOUKy M neprneHuKyJIsipHO

MIPSMOM.

5x—-3y+2z-5=0

2x—y—z—-1=0

3.7. JlokazaThb, 4TO npsmMas { JICKHUT B TIIOCKOCTH 4x-3y+7z-7=0

x—1 y+1 =z

3.8. HaiiTu TOUKy mepecedeHus mpsiMOr U IIIOCKOCTH | -2 6y 2x+3y +z-
1=0



